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Appendix A Proofs of Theorems and Lemmas

A.1 Proof of Theorem 1

Proof. The second-order difference equation in 7; is given by
BE (Tyo) —[14+ B8+ kKE — sk (1/a— DA Ey (1) + 1=k (1 —5)(1/a—1) (1 —p) g

The two roots of the characteristic equation are

O+ /D245
€1 =
28
and
D — /BT —4f
€y — 2ﬁ

where & =14 5+ k€ — sk (1/a — 1) A. We have the following two cases to consider.
Case (i):

af
s(1—a)

kE—sk(l/a—1)A<0 <= >

fP-26>0 <= A< %, then the smaller root e; > 55

1. Hence both roots are outside the unit circle and the equilibrium is locally unique.

fdP—-20<0 <= X > %, then the larger root —1 < e; < 1 and hence the

equilibrium is indeterminate.
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Case (ii):
ag

Iﬁg—Sli(l/Oé—l))\>0 < )\<m

The two roots are

®— 28+ /P2 — 48
1+ 25

B 1+@—25—1—\/(1—5)2+2(1+/3)[/€§—Sli(1/a—1))\]+[/<o§—3/i(1/oz—1)/\]2
— %
and
O — 28— /B2 — 45
€y = 1—|— Qﬁ
B 1+<I>—2,8—\/(1—B)2+2(1+5)[/€€—3ﬁ(1/a—1))\]4—[%5—3/{(1/&—1))\]2
_ %
Since

1= +rE—su(lfa=1)A? = (1-06)*+2(1 = P)[KE — sk (1/a = 1) Al + [K€ — sk (1/a = 1) A?
< (1=8)2+201+ B)[kE — sk (1/a—1) N + [k€ — sk (1/a — 1) A2

we have that e; > 1 and —1 < ey < 1. Hence the equilibrium is not unique in case (ii).

Overall, X should satisfy S(f“fa) <A< % so that the equilibrium is locally unique. [

A.2 Proof of Theorem 2

Proof. First, substitute out g, from equation (2) into (1) and get
T = w{(L/a = 1) [sé + (1 = $)g] — Pt} + BE T
Update t to t + 1 and take expectation.
Eifri = 6{(1/a = 1) [sEiC1 + (1 = 8) Eigesn] — EEPri1} + BE T
Subtract 7, from Fy7r;, 1 and then use (3) to return a second-order difference equation in 7;.

BE; (Ty2) — [L+ B+ KE — sk (1/a = 1) A| By (1) + T = £ (1 — 5) (L/a —1) (1 — p) &



Next, guess a solution that takes the form 7; = ~g; and plug that guess into the above

equation.
PG — p (L4 B+ kE — sk (/o= 1) N) yGe + 79 = £ (L —5) (L) — 1) (1 = p) g

Then, the solution for the undetermined coefficient 7 is

_ r(lja—-1)(1—=s)(1-p)
1+ Bp2+ [sk(1/a—1)A—(1+rE+ B)]p

g

Using the solution for inflation as a function of government purchases, we can rewrite the

inflation Euler equation as

(1= pB) g + £€VGe + K€pr—1 = sk (1/a — 1) &+ K (1/a —1) (1 — 5) g

Next, we rearrange this expression to have

[4re—pfly—r(ja—1)(1-s) | af
“= sk (1/a—1) Gt (1-— a)spt_l

A.3 Proof of Lemma 1

Proof. From equation (7) and our assumption that p < 1, v > 0 if and only if
14 8p* > p[l+ B+ k€ — skA(1/a —1)]
Rearranging this expression,
K (L= p) (1= Bp) > € — sA(1/a — 1)

The term on the left-hand side is positive given our restrictions on p, x and 5. The term on

the right-hand side is negative because of our restriction that guarantees local uniqueness. [



A.4 Proof of Lemma 2

Proof. According to equation (8), x > 0 if and only if

L=p > 1
_ sk(1/a—1)A\p—kKE
L=p+ =
Recall that local uniqueness requires
1_
¢ _, _all-B+kE
s(1—a) sk (1 —a)
Given that A > - aE ioay We have
1/a—1)Ap— - 1—p)(1—
|y sl/e=Dro—nt L sEp—nt (= p)(=Fp)
1—Bp+ kK¢ 1—Bp+ kK¢ 1 —Bp+kKE
Using o = % —1land r =1 — 3, we can rewrite (9) as p < 5 pr< - 5+ 7 then
)\<a(1—5+/€§)< ag
sk (1—a) s(l—a)p
Having A < (1 a) , we obtain
K(l/a—=1)dAp—rE <O
Hence 1
—p
> 1
o sk(1/a—1)Ap—kKE
1—p+ 1-Bp+rg

A.5 Proof of Lemma 3

Proof. Recall that ~ is

p(lja—=1)(1—=s)(1-p)
1+ Bp2+ [sk(1/a—1)A—(1+rE+B)]p

’}/:



Because p < 1, 7y is positive. An increase in A increases the denominator on the right-hand

side of the above equation and therefore decreases 7. Next, x > 0. It is given by

(L +r€—pp)y—r({/a=1)(1 =5
sk (1/a—1)

Thus, a decrease in « resulting from an increase in A reduces x. O]

A.6 Proof of Lemma 4

Proof. Recall that v is

_ k(1/a—1)(1—=s)(1—p)
L+ 8p2+plse(1/a— 1A= (14 kE+ 5)]

g

Then, we have

Oy —w(1fa—1) (1= )=~ p — wt + 5 (1/a~ )]

dp A2

where A =1+ 8p* + plsk (1/a— 1)\ — (1 + €+ B)].

The root of the equation —3(1 —p)? — k€ + sk (1/a—1)A=0is1— (%)% Given
the restriction imposed on A that ensures a locally unique equilibrium, we can show that
as long as f > 0.5, 1 — (W)% € (0,1). Thus,if p<1— (W)%, we have

>0, And if p > 1 — (HBUAA B o, O

Appendix B Intuition for Lemma 4

The starting point is:
Ey (o) + 67 (k[sA (1 =) =€) = 1= 3) By (1) + 7' = =k (1 — 5) (1 — @) By (Agrs)
Using lag operator notation:

1+ 87 (k[sA(Ql—a) =& —1=B) L+ B 'L?] By (fg2) = =k (1 — 5) (1 — @) By (Agesn)



Note that the appearence of ¢ only works to make the monetary policy less “active”. Other

than this, it does not influence the dynamics of inflation. Therefore, define A = sA (1 — a)—¢.
(1487 (kA= 1= B) L+ 87 12| By (Fisa) = =k (1= 5) (1= @) By (Agisn)
Next, factoring the lag polynomial gives us:
(1 =AL) (1= AsL) By (Tyy2) = =K (1 = 5) (1 — @) By (AGes1)
It is possible to prove both roots are unstable, therefore we solve them forward.
(=AM L) (=M L) 71 (= AoL) (=M L) ™ (1= A L) (1 = Ay L) By (1) = =k (1= 8) (1 = @) By (Adsa)

(ML) (AsL) [1 = (ML) '] [1 = (ML) ] By (figa) = =k (1= ) (1 — ) By (Adit1)
Rearranging,

_ —k(1—=35)(1—-a)
! A A,

[1— (ML) '] B LA + (M) ™ Ay + (A2) > Aguys + ...}

Taking this out even further,

~

—-k(1l—5)(1—« . 1 A A 2 A A
t = ( A ./>X( >Et{Agt+1+(A2) "AGie + (M2) T2 Adiys + ..
12

(A) ™" [Agia + (A2) ™ Adiys + (A2) > Mg +..] + ..
(A2) ™" [Adees + (A2) " Adrya + (A2) > Agigs + ] + .}

Simplyifying further

A= _K(I_S)EA_QO‘)([)_U{1+p(A2)‘1+p2(A2)‘2+...

(M) o+ (M) PP+ (M) PP+ ] +
(A) '[P+ (A) ' P+ () 2t ]+




Doing it again,

7 o= - S)A(iA_Z VP )4 (A 4 0 (Ae) 2+

(M) [p+ (M) PP+ (M) P+ ]+
A) [P+ (A) ' P+ (A) 2t + ]+

Getting there,
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Appendix C Lemma 5

Let p € (0,1). Let p denote the smaller root of the equation Bsk (1/a — 1) A\p*> — 28kEp +

KE(1+ K€+ B) — (1 + k€)sk (1/a — 1) A. If the parameter set is configured such that p >0

. (14+k€+B)ag
(1.e. A< (I+rd)s(1—0a)

shock is increasing in p if p < p, and it is decreasing in p if the inequality is reversed.

), then the impact response of consumption to a government spending

Proof. The partial derivative of x with respect to p is given by

ox _1- 5[65141(1/04 — 1) Mp? —28kép + kE(1+ KkE+ B) — (1 + kE)sk (1/a — 1) )\]
dp s O2(1 = Bp + wE)2(1 — p)?
_ sk(1/a—1)A\p—kKE
Where Q = 1 + WHE)({;_’D)

Let p and p denote the two roots of the equation sk (1/a — 1) \p® — 26kEp + kE(L + KE +
B)— (1+kE)sk (1/a —1) X = 0. Hence, if p < p or p > p, we have g—’p‘ > 0. And if p < p <,
)

o <0.

We can show that p < 1. Moreover, p > 1 because of our restriction that guarantees a
unique equilibrium.

If A< %, then p > 0. Therefore, g—’p‘ > 0 when p < p, and g—’; <0 when p>p. [

(+rE+B)ag

Establishing an intuition for Lemma 5 is challenging. If A > (Tnd)s(—a)’ then p < 0.

7



The real interest rate channel with an active monetary policy is strong enough so that the
size of the response of consumption on impact decreases in p € (0,1). Lemma 5 focuses on
the case where the impact response of consumption exhibits a hump-shaped pattern. This
pattern also results from the interactions among the negative wealth effect, the real interest
rate channel and the real wage channel, as explained in Lemma 4. One thing to add is that
as long as # > 0.2, the peak of the consumption response occurs at a smaller p than that of
the inflation response does, i.e. p <1 — (W)%

Mathematically, g—’; can be written as

O oll4st—Bp)dy  afy
op  ws(l—a) 9p rks(l—a)

The first term is the influence from current inflation and it governs the effects of the
real wage channel. This term varies with g_Z’ the change in the response of contemporaneous
inflation with respect to the persistency of the government spending shock. The second term
is related to the size of the increase in the real interest rate because it reflects the response
of expected inflation. A higher expected inflation caused by a more persistent government
spending shock would result in a larger real interest rate provided that the monetary policy
is active. Consequently, a larger real interest rate prevents private consumption from increas-
ing. Because the negative sign of the second term, the peak of the consumption response

occurs earlier than that of the inflation response.



